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STRONGLY INDEFINITE FUNCTIONALS
AND MULTIPLE SOLUTIONS OF ELLIPTIC SYSTEMS

D. G. DE FIGUEIREDO AND Y. H. DING

ABSTRACT. We study existence and multiplicity of solutions of the elliptic
system

—Au = Hy(z,u,v) in Q,

—Av = —Hy(z,u,v) inQ, u(zr)=wv(z)=0 ondQ,
where Q C RN, N > 3, is a smooth bounded domain and H € C*(Q x R? R).

We assume that the nonlinear term

R(z,u,v)
H(z,u,v) ~ |ulP + |v|? + R(z,u,v) with lim ———2 =0,
( )~ |ul? + |v] ( ) TP £ o]

where p € (1, 2%), 2* := 2N/(N — 2), and q € (1, 00). So some supercritical
systems are included. Nontrivial solutions are obtained. When H(z,u,v)
is even in (u,v), we show that the system possesses a sequence of solutions
associated with a sequence of positive energies (resp. negative energies) going
toward infinity (resp. zero) if p > 2 (resp. p < 2). All results are proved using
variational methods. Some new critical point theorems for strongly indefinite
functionals are proved.

1. INTRODUCTION AND MAIN RESULTS

Consider the following elliptic system:
—Au = Hy(z,u,v) in Q,
(E) —Av = —H,(z,u,v) in §,
u(z) =v(z) =0 on 09,

where Q ¢ RV, N > 3, is a smooth bounded domain and H :  x R?2 — R is a C!-
function. Here H, denotes the partial derivative of H with respect to the variable
u. Writing z := (u,v), we suppose H(z,0) =0 and H,(z,0) =0. Then z=01is a
trivial solution of the system. In this paper we discuss the existence of nontrivial
solutions. Roughly speaking, we are mainly interested in the class of Hamiltonians
H such that
H(z,u,v) ~ |ul’ + |v|? + R(z,u,v) with lim Blw,u,v) =0
) Y ) Y |Z|—>oo |u|p + |’U|q Y
where 1 < p < 2* :=2N/(N — 2) and ¢ > 1. The most interesting results obtained
here refer to the case when ¢ > 2*, which correspond to critical and supercritical
problems. The case when g < 2* has been studied by Costa and Magalhaes [5],
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[6] and Benci and Rabinowitz [3]. See also Bartsch and De Figueiredo [2], De
Figueiredo and Magalhaes [7], De Figueiredo and Felmer [8] and Hulshof and van
der Vorst [I1], where similar systems also leading to strongly indefinite functionals
have been studied. However, only subcritical systems have been considered in those
papers.

Letting 2, = 2*/(2* — 1) = 2N/(N + 2), we assume that H(z, z) satisfies the
following condition:

(Hp) there are p € (1, 2%), g € (1, 00) and 7 € (1, 1+ ¢/2,) such that, for all

(z, z),
|Hu(z,u,0)] < 01+ [ulP ™!+ |v]™™)
and
[Hoy (@, u,0)] < yo(L+ [ulP~" + o771,

In all hypotheses on H(z, z) the 7;’s denote positive constants independent of (z, ).
We note that if ¢ < 2%, then 2, < ¢/(¢—1), i.e.,, ¢ — 1 < ¢/2.. Hence, it is possible
that ¢ < 7 < 14 ¢q/2,. However, if ¢ > 2*, then 7 < ¢q. Furthermore, we remark
that 7 can be very large, if ¢ is sufficiently large.

In addition, we need distinct conditions on H corresponding to the cases when
p>2, p<2orp=2.

First, consider the case when p > 2. In this case, we assume the following three
conditions:

(Hy) there are p > 2, v > 1 and R; > 0 such that
1 1
—Hy(x,z)u+ —Hy(z,z)v > H(x,z) whenever |z| > Ry,
1 v
with the provision that v = p if ¢ > 2;
(Hz) there are 2,(p — 1) < a < p and 2,(7 — 1) < 8 such that
H(z,z) > (Ju]* + |v|5) — o for all (z,2),
and § = ¢ if ¢ > 2%;
(Hs) H(z,0,v) >0 and H,(x,u,0) = o(|u|) as u — 0 uniformly in z.
We prove the following results.

Theorem 1.1. Let (Hy) be satisfied with p > 2. If (Hy) — (H3) hold, then (E) has
at least one nontrivial solution.

In order to provide some more transparent hypotheses under which the above

result holds, we next present some conditions on H that are sufficient for (Hy),
(H1) and (H2) to hold:

(Hy) there are p € (1, 2*) and ¢ € (2, co) such that, for all (z, 2),

[ Ho(,u,0)] < yo(L A+ [ufP ™+ o 27)

and

[Hoy(,u,0)] < q0(1+ [ulP~ + o] h);

(H7) there are p > 2 and R; > 0 such that
H,(z,z)u+ Hy(x,z)v > pH(z,z) whenever |z| > Ry ;
(HY) for p and q as above,
H(z,z) >y (Jul? + |v]9) — 2 for all (z, z).
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Theorem 1.1'. Let (H)) be satisfied with p > 2. If (Hj),(H}), and (Hs) hold,
then (E) has at least one nontrivial solution.

Theorem 1.2. Let (Hy) be satisfied with p > 2. If H(z,z) is even in z and
satisfies (Hy) and (Ha), then (E) has a sequence (z,) of solutions with energies
I(zn) == [, (3(IVunl* = |Vun|?) — H(z, 2)), going to oo asn — oc.

In order to describe the other results, let o(—A) denote the set of all eigenvalues
of (—A,H&(Q)) Al < A < )\3 < ...l

We now consider the case when p < 2. We make the following assumptions:

(Hy) there are p€(1,2), v>2 and v3 >0 (93 =0, if ¢ > 2*) such that

1 1
H(x,u,v) > ;Hu(x,u,v)u + ;Hv(x,u,v)v — 3 for all (z, 2);

(Hs) there are a € (1, 2) and § € (0, 1/2) such that H(x,u,v) > vya|u|® — SA0?
for all (z, 2);
(Hg) if ¢ > 2%, then H,(x,2)v > vs5]v|? — v6(|v| + u?) for all (x, 2).
With these assumptions we have the following three results, for the case when p < 2.

Theorem 1.3. Suppose that (Hy) holds with p < 2 and q¢ > 2. If H(z,z) also
satisfies (Hy) — (Hg), then (E) has at least one nontrivial solution.

Theorem 1.4. Suppose that H(x,z) is even in z and (Hp) holds with p < 2 and
q > 2. If H(z, z) also satisfies (Hy)—(Hg), then (E) has a sequence (zy,) of solutions
with negative energies I(z,) going to 0 as n — oo.

Theorem 1.5. Let (Hy), with p,q € (1, 2), and (Hs) be satisfied. Then (E) has
at least one nontriwial solution. If, in addition, H(x,z) is even in z, then (E) has
a sequence (zn) of solutions with negative energies I(z,) going to 0 as n — oo.

Finally, we consider the case when p = 2, which presents some sort of resonance.
Assume
(H7) there exist bg < 0 < ag such that Ry(z,z) := H(x,z) — %(aozﬂ + bov?) =
o(|z|?) as z — 0 uniformly in z;
(Hs) there exist 0 € (1, 2), ax € [ap, 00)\o(—A), such that Ry (z,z) =
H(z,z)—3ascu? satisfies |0, Roo (z, 2)| < y7(14|u| " +|v[7"!) and R (z, 2)
> yslv]? — v (1 + [u]?).
The position of the numbers ag, a0, by With respect to the spectrum o(—A) plays
a very essential role in the next result. For that matter, let i, j, kK be nonnegative
integers such that A\; = min{\ € o(=A): A > ag}, \; =max{A € o(-A): A <
—bo}, A =max{A € 0(—A): A< ax}, and set

J if Goo = A0,
=4 . . .
j+k—i+1 ifas > ap.
Now we can state our last result.
Theorem 1.6. Let (Hy) be satisfied with p = 2 and 7 < 1+ q/2. Assume that

H(x,z) is even in z and satisfies (H7) and (Hg). Then (E) has at least one pair of
nontrivial solutions if £ =1, and infinitely many solutions if £ > 2.

The cases covered in Theorem 1.6 include some asymptotically linear systems.
Such systems have been studied in [5], [6] and Silva [I3]. However, their results are
not comparable with the ones obtained here.
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We organize the paper as follows. In order to establish multiplicity of solutions we
need some new abstract propositions on critical point theory for strongly indefinite
functionals, which will be provided in Section 2. These propositions are based on
certain Galerkin approximations, and we emphasize that the functionals do not
satisfy the usual Palais-Smale condition. In Section 3 we study systems that are
superlinear in the variable u, and prove Theorems 1.1 and 1.2. In Section 4 we
consider systems that are sublinear in the variable u, and prove Theorems 1.3, 1.4
and 1.5. In both Sections 3 and 4, the variable v can have subcritical growth as well
as supercritical growth. Finally, in Section 5, we consider a special asymptotically
linear system and prove existence of multiple solutions.

2. CRITICAL POINTS FOR STRONGLY INDEFINITE FUNCTIONALS

Let E be a Banach space with norm || - ||. Suppose that E has a direct sum
decomposition £ = E' @& E? with both E' and E? being infinite dimensional. Let

P! denote the projection from E onto E'. Assume (el) (resp. (€2)) is a basis for

E! (resp. E?). Set
X, :=span{e}, -, et} © E?,  X™:= E' ©span{e?, -, €2},

and let (X™)1 denote the complement of X™ in E. For a functional I € C'(E,R)
we set I, := I|x,, the restriction of I on X,,. Recall that a sequence (z;) C FE is
said to be a (PS); sequence if z; € X,;, n; — o0, I(z;) — c and I}, (zj) — 0 as
j — oo. If any (PS)% sequence has a convergent subsequence, then we say that I
satisfies the (PS)} condition.

Denote the upper and lower level sets, respectively, by I, = {z € E : I(z) >
al, I"={z€ E: I(z) <b} and I’ = I, N I* (denote similarly (I,),, (I,,)* and
(I,)2). We alsoset K ={z€ E: I'(z) =0}, K. = KN, K¢°=KnNI°and
Kb =K, N K.

Proposition 2.1. Let E be as above and let I € C1(E,R) be even with 1(0) = 0.
In addition, suppose that, for each m € N, the conditions below hold:

(I1) there is Ry, > 0 such that I(z) <0 for all z € X™ with ||z]| > Rp;
(Iy) there are v, > 0 and am — oo such that 1(z) > ay, for all z € (X™71)+
with ||z]] = Tm;
(I3) I is bounded from above on bounded sets of X™;
(I4) if ¢ >0, any (PS): sequence (z,) has a subsequence along which z, — z €
Ke.
Then the functional I has a sequence (ci) of critical values, with the property that
C — OQ.

Remark 2.1. This proposition is more or less known if the condition (Iy) is replaced
by the (PS)* condition (cf. [I], [9]), or by the usual Palais-Smale condition, that
is, any sequence (z) C E such that |I(zx)| < ¢ and I'(z;) — 0 has a convergent
subsequence (cf. [3]).

Proposition 2.2. Let E be as above and let I € C'(E,R) be even. Assume that
I(0) = 0 and that, for each m € N, the two conditions below hold:
(I5) there are v, > 0 and an > 0 such that I(z) > an, for all z € X™ with
12l = rm;
(Ig) there is by, > 0 with by, — 0 such that 1(z) < by, for all z € (X™ 1)L,
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Moreover, suppose that either I satisfies the (PS)% condition for all ¢ > 0, or that
the condition below holds:
(I7) inf I(K) =0, and, for allc > 0, any (PS)} sequence () has a subsequence
along which z, — z € K¢ with z =0 only if ¢ = 0.

Then I has a sequence (ci) of positive critical values satisfying ¢, — 0.

Proof. Let ¥ be the family of symmetric, closed subsets of E\{0}, and let v: 3 —
NU {0, 00} denote the Krasnoselski genus map. Set

mo,__ 3
eyt i= sup inf I(z),
AEE;’{L z€A

where
Yr={AeX: AC X, and v(4) > n+m}.
Fix m € N. The Borsuk-Ulam theorem implies that A N (X™~ 1)L 5 () for each
A e X", Tt follows from (Ig) that
inf I(z) < sup  1(z) < by,.
z€A ze(Xm—1)L

On the other hand, since v(0B,,, N X,") = n+m, one has S := dB, NX" € ¥,
and so, by (I5), we obtain

inf 1(z) > am.
2 1B 2

Therefore,

(2.1) am < ) < by,

A standard deformation argument, using a positive pseudo-gradient flow, yields the
existence of a sequence (z")52,, with 2" € X,, satisfying
1

1
Im_m<_ d II m < .
Iz = epl < — and TG <

*

We can assume that I(z)") — ¢, as n — 00. So, (z,") is a (PS);

sequence with
(2.2) am < Cm < by

Now, if we assume that I satisfies the (PS)¥ condition for ¢ > 0, then the conclusion
follows. Next, suppose instead that (I7) holds. Then, along a subsequence, 2" —
Zm as 1 — 00 with I'(z,,) = 0 and 0 < I(zp,) < ¢, Finally, by (2.2),

I(zm) < by — 0,

and the proof is complete. O

Proposition 2.3. Let E be as above and let I € C1(E,R) be even with I(0) = 0.
Suppose, in addition, that the three conditions below hold:
(Is) there are £ € N andr, a > 0 such that 1(z) > a for all z € X* with ||z| = 7;
(Iy) there is b > 0 such that sup I(E?) < b;
(Io) any (PS)%, ¢ >0, sequence (z) has a subsequence along which z, — z €
K. and P'z, — Plz.
Then I has at least one pair of nontrivial critical points if £ = 1, and infinitely
many critical points if £ > 1, with positive critical values.
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Proof. Let ¥, v, ¥ and ¢ be as in the proof of Proposition 2.2. As before, by
(Ig) and (Iy), we obtain

a<cy<b foralneNandm=1,---,¢,
and we find sequences 2] € X, such that, going to subsequences if necessary,
I(z") — ¢ and I),(20") — 0 as n — oo with

b>c1>ca>---2>cp>a.

Using (I10), we can assume furthermore that 2" — z,, € K., form =1,--- £, as
n — oo. If £ =1 the proof is complete.

Consider £ > 1. Let F = {z € K : I(z) > 0}. We are going to prove that F
is an infinite set. Arguing by contradiction, we suppose that F' is finite. Choose
0 < p < a<b<v satisfying

w<inf I(F) <sup I(F) < v.
Let £ € N be so large that 0 € A := Q¥F, where Q¥ : E — X% denotes the
projection. Then A is also finite, and v(A) = 1. By the continuity of ~, for all
§ > 0 small, y(NF(A)) = v(A), where NF(A) = {z € X* : dist(z, A) < §}. Set
Cs = NF(A)®(X*)*. Since NF(A) C Cs and QF : C5 — NEF(A), it follows from the
properties of y that v(Cs) = v(NF(A)). We remark that Q¥ = P!+ (Q* — P1) and
that the range of Q* — P! is k-dimensional. So by virtue of (1), we conclude that,

for all ¢ > 0, any (PS)} sequence (z,) has a subsequence along which z, — z € K,
and Q%z, — Q*z. Hence there are ng € N and ¢ > 0 such that for all n > nq,

|, (w)|| > o for allw € (I,);,\ Cy,

where C§ = C5NX,,. By a standard deformation argument, we can then construct
a sequence of odd homeomorphisms 7, : X;, — X, such that

M ((In)u \ C5) C (In)y
(cf. [12]). For ng sufficiently large, we can suppose that
u<cfl§cffl§~~§ci<y for all n > nyg.
Let G € X!, be such that inf I(G) > (u + cf,)/2. One then has
M (G\C§') C (In)y
and . . .
Y (G\CF)) = 7(G\C§') 2 7(G) = ~(CF)
>n+l—~(C5)>n+L—1.
Thus 7,(G\C?) € X471 and v < inf I(n,(G\C%})) < c571. One finally comes to
v < cfb_l < v, which is a contradiction. O
From now on we turn to the system (E). We denote by |-|; the usual L*(2) norm
for all t € [1, oo]. For ¢ > 1let V, = H}(Q) if ¢ < 2* and V, = H}(Q) N LI(R), the
Banach space equipped with the norm ||v|lv, = (|Vv|3 + |v|3)1/2, if ¢ > 2*. Let E,
be the product space Hg () x V, with elements denoted by z = (u,v). We denote
the norm in E, by ||z||, = (|Vul3+ Hv||%,q)1/2. E, has the direct sum decomposition

Eq=E;®E", z=2z +z"

where
E; ={0} xV, and E*=Hj(Q)x {0}.
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For convenience, we will write z* = u and 2z~ = v. Recall that by (\,)nen we
denote the sequence of eigenvalues of (—A, H}(Q)). Let ey, |en]2 = 1, be the
eigenfunction corresponding to A, for each n € N. Clearly, e} := (e,,0), n € N, is
a basis for Et, and e;; = (0,e,,),n € N, is a basis for E;.

Suppose that the assumption (Hp) holds. Then
(2.3) H(x,z) < c(1+u)® 4 [v|9) for all (z, z).
So the functional

(2.4) I(z) = =

- 5/Q(|Vu|2—|vu|2)—/QH(x,z)

is well defined in E,. Moreover, I € C'(E,,R), and the critical points of I are the
solutions of (E).

Lemma 2.1. If (Hy) holds, then I' is weakly sequentially continuous, that is,
I'(zp) = I'(2) provided z, — z.

Proof. If ¢ < 2* this statement is well known. Assume now that ¢ > 2*. Let z,, — 2
in E,. Clearly, for all w = (p,v) € E,;, we have

/ (Vu,V — Vu,V1) — / (VuVe — VoY) .
Q Q

So it remains to show that

(2.5) / Hy(x,zn)p — /Hu(:c,z)go for all ¢ € H ()
Q Q

and

(2.6) /QHU(m,zn)w — /QHv(m,z)w for all ¥ € V.

By the Sobolev embedding theorem and using interpolation, we obtain that
u, — uwin L' for t € [1, 2*) and v, — v in L' for ¢ € [1, ¢). Noting that
|Hy(2,u,v)| < 30(1+ [ulP~t + Jo|771) with 2,(17 — 1) < g, (2.5) follows easily since
Uy — uin LP, v, — v in L2*~D and ¢ € H}(Q) C L?". Next we see that (2.6)
is clearly true when ¢ € L*°. In general, for a 1) € V; we proceed as follows. Let
Um € L with ¥, — 1 in L9 as m — co. So

] [t ) = 20| =| [ (Hoo20) = Hoo )+ 0= )
Q Q

and using (Hp) we see that this expression is less than the following sum:

)

[ #20) = B, 2,
+ e (1 = Gmb + [wnl ™ B = Blp + 0ald b = ¥lo)

which by its turn is estimated by
[ (#20) = Ho@, 2B+ 2 (1 =+ 1 = )

since (zy) is bounded in E, and L is dense in L9. So (2.6) is proved, and it follows
that

I'(zp)w — I'(2)w for all w € E,.
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3. THE CASE p > 2

Throughout this section let (Hy) be satisfied with p > 2, and assume that (H)
and (Hz) hold. Observe that, by (Hs), there exists R > 0 such that H(z,z) > 0
whenever |z| > R. This, jointly with (H;), implies

(3.1) H(z,z) > ci(Jul* + |v]") —co  for all (z, 2)
(see [10]). This, together with (2.3) and (Hz), shows that
(3.2) v<gq and (§<gq.

Moreover, by virtue of (3.1) and (H2), we may assume, without loss of generality,
that (since p > 2)

(3.3) a>2.

Now we set E' = E;, E* = ET and e}, = ¢,, €2 = ¢ for all n € N. So

E, = E1 ® E;. Consider the functional defined by (2.4), which has the properties
stated in Section 2.

Lemma 3.1. Any (PS)* sequence is bounded.
Proof. Let z, € X, be such that
I(zn) — ¢ and I)(z,) — 0.

Case 1: q < 2. In this case E, = (H}(Q))2. By (H1), for w,, = (iun, Luy,), we
have

I(Zn) - I,'l(zn)wn

11 , 101 ,
— (5~ DIV + (G, = )IVenl
(3.4) 1 1
+ —Hy(x, zn)tun + —Hy (2, 2n)vn — H(z,2,) | — 1
Q \H v
1 1 1 1
> (5 - ;)qun@ + (; - §)|an|§ — Ca.

If ¢ < 2, then (3.2) shows that v < 2, and so ||z, |2 < ¢3(1 + [|znll¢), Which implies
that (z,) is bounded in E,. Assume ¢ = 2. Invoking (3.2), we get v < 2, and so
|Vun|3 < (1 + ||znllq) by (3.4). Since H(z,2) > 0 for all |2| large, and

1 1
§|V7’n|§ + /Q H(z,2n) = —1(zn) + §|vun|§ < eI+ llznllq),

one sees that ||z, |2 < ¢(1 4 ||znllq). Hence, (2,) is bounded.
Case 2: q > 2. Note that in this case v = p > 2 in (Hy). So

Ien) — 21 (2) 20 = /Q (%Hz(x, an)om — H(z, 2))

2
(3.5)
> (g —1)/S2H(x,zn)—c,

which, together with (Hs), yields

(3.6) Junlgy + [val5 < e(L+ [Izally).
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Using (Hp), we get

V|2 = I (20) (tn, 0 /H T, Zn U
(3.7)

Next we estimate the integrals in the right side of (3.7). Since 2,(p — 1) < a < p,
we have that 6 := a/(1 + a — p) < 2*. Using the Holder inequality, the Sobolev
embedding theorem and (3.6), we obtain

/ [un|? < |un|gil|un|9 <c + 02||Zn||;+(p71)/a,
Q
Similarly, since 7 — 1 < 3/2., we have 1 < w:= /(14 3 — 7) < 2*, and hence
/ |Un|7_1|un| < |’Un|;371|un|w <c +Cg||zn||¢1]+(7_1)/5,
Q

Therefore, using the estimate in (3.7), we obtain
(3-8) Vunls < e+ [|znllg ™70/ 4 [lzallg D7),
Since
Yoy = =T 0.00) = [ Hwz)zn+ [ Hulanzu,
and using (3.5) and the above arguments, we obtain
(3.9) Vual3 < 1+ [lzallg @D/ 4 2l 177).

Recall that, in view of our assumptions, (p — 1)/a < 1/2,, (r —1)/8 < 1/2,, and
B = qif ¢ > 2*. Hence, it follows from (3.6) and (3.8)-(3.9) that (z,) is bounded
in . g

Lemma 3.2. Let z, € X,, be a (PS)! sequence. If ¢ < 2%, then (z,) contains
a convergent subsequence. If ¢ > 2%, then there is a z € E, such that, along a
subsequence, z, — z and I'(z) =0 and I(z) > ¢

Proof. By Lemma 3.1, (2,,) is bounded. We can assume that z, — z in E,, z, — z
n (L*(2))% for all 1 < s < 2*, and z,(z) — z(z) a.e. on Q. It follows from the
weak sequential continuity of I’ (see Lemma 2.1) that I’(z) = 0. Since I,,(z,) — 0,
we obtain

(Vtn, Vuy, — Vu)pz =1 (25) (un — u /H Ty 2n) (U — 1)

Using (Hp) and the Holder inequality, we obtain the estimate

/QHu(m, ) (i — )

< (Jun = uly + unl = uly + oal5 ™ fun = ul ) = o(1),

where w is as in the proof of Lemma 3.1. Hence |Vu,|3 — |Vu|3, which implies
Up — uin H (). Let P, : E, — X, denote the projection. Observe that P,z — z
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in E, for all z € E,. Moreover, using again (Hp) and the Hélder inequality, we
estimate

/ H,(z,zp)(v — Ppo)
Q

<c(jv— Pyl + |un|5_1|v — Pylp + |vn|g_1|v — Pyvlg) — 0.
On the other hand,

(VUn, Vo — Vug) 2z = o(1) + I} (2,)(0,v, — Ppv) + / Hy(x,zp)(vn — Ppo)
Q

+ [ ez, —0)
—|—/QHz(x,zn)(zn—z)—/QHu(x,Zn)(Un_u)
—|—/QHZ(x,zn)zn—/QHz($aZn)Z

Lebesgue’s theorem and the weak sequential continuity of H,(z,-) (see the proof of
Lemma 2.1) yield

|Vv|3 — limsup |V, |2 = hmmf (/ H.(x,zn)2n — / Hz(x,zn)z) >0,
n— Q Q

n—oo

ie., [Vo|3 > limsup,,_ . |Vv,|3. This, together with the weak lower semicontinuity
of norms, implies |Vuv,|2 — |Vv|a. So v, — v in HE ().

Therefore, if ¢ < 2%, we obtain that, along a subsequence, z, — z in E; and
consequently I(z) = c¢. Next assume that ¢ > 2*. Observe that

1 1
I(z) = I(zn) = §(|VU|§ — [Vun3) - §(|VU|§ — [Val3)

+/QH(x,zn)—/QH(x,z);
I(z)—c=o(1)+/QH(a:,zn)—/QH(J:,Z).

Lebesgue’s theorem then yields

I(2) c—hmmf/Hmzn /sz

hence,

n—oo
that is, I(z) > c. O
Lemma 3.3. If (Hs3) also holds, there are r,p > 0 such that inf (0B, E*) > p
Proof. By (Hy) and (Hs), for any € > 0, there is ¢. > 0 such that

H(z,u,0) < elul? 4 c-|ul?".
Hence,

*
2%

1) 2 5IVulg ~ efulf — cclul3
and the conclusion follows easily. O
Let e € ET with |Ve|3 =1, and set
Q={(se,v): 0<s<ry,|v|qg <ra2}.
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Lemma 3.4. If (H3) also holds, there are r1,r2 > 0, withry > r, such that I1(z) <0
for all z € 0Q.

Proof. By (H3), I(z) <0 for all z € E. By (Haz),
il
2

The conclusion follows since o > 2. O

1
I((se,v)) < —§|VU|§—cl/(|se|a+|v|’3)+02.
Q

We are now in a position to prove Theorem 1.1.

Proof of Theorem 1.1. Lemmas 3.3 and 3.4 say that [ has the linking geometry.
Let @, := Q@ N X,,, and define

n = inf I n))
= nf max(7(Qu)

where Iy, := {v € C(Qn,X,) : 7]og, = id}. Then p < ¢, < k :=sup I(Q). A
standard deformation argument shows that there is z,, € X,, such that |I(z,)—cp| <
1/n and ||I](z,)|| < 1/n. So we obtain a (PS)Z sequence (z,) with ¢ € [p, &].
Lemma 3.2 implies z, — z with I’(z) = 0 and I(z) > ¢. The proof is complete.

We now consider the multiplicity of solutions using Proposition 2.1.
Lemma 3.5. I satisfies (I1).
Proof. Using (H2), we obtain

1 1
16) < IVu = 5IVoB - en [ (ul®+ l?) + ca
Q
Since all norms in span{es, - - ,e,,} are equivalent, we obtain
1 1
I(z) < —(03|Vu|g*2 — 5) |Vul2 — (§|VU|§ + cl|v|g> + o,
for all z = (u,v) € X™ ~span{ey,- - ,em} X V4. So (1) follows easily. O

Lemma 3.6. I satisfies (I2).

Proof. Since (X™)+ C H(Q) and H{ () embeds compactly in LP(€), we have
that 7, > 0 and 7, — 0 as m — oo, where

|ulp
(3.10) T i= sup ;
ue(Xm)+\{0} |VU|2

see Lemma 3.8 in [I4]. For z = (u,0) € (X™)*, it follows from (Hy) that

1 1
1) = 51Vuli = [ H(e..0) > 519uf = cafulp — o

1
> SIVul — g, [ Vuls - e

Setting 7, = (pc1n®,)Y =P and a,, = (p — 2)r2,/2p — ca, we come to the desired
conclusion. g

Proof of Theorem 1.2. Since H(x,z) is even in z, I is even. Lemma 3.2 shows
that I satisfies the assumption (I4) of Proposition 2.1. Lemmas 3.5 and 3.6 show
that (I;) and (I2) hold. Clearly (I5) is also true. Therefore by Proposition 2.1,
there is a sequence (z,) C E, satisfying I’(z,) = 0 and I(z,) — co. The proof is
complete. ([
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4. THE CASE p < 2

Throughout this section we assume that (Hp) is satisfied with p € (1, 2). We
also suppose that (H4) — (Hg) hold.
Let E, = E' & E? be as in Section 3. Consider the functional

1 1
J(2) = —1(2) = / H(z,2) + 2 |Vol} — 5| Vul}.
o 2 2
Lemma 4.1. Any (PS)# sequence (z,) has a subsequence converging weakly to a
critical point z of J with J(z) < ¢, and z =0 only if z, — 0 in E,.

Proof. The proof is divided into two parts.
Part I. The sequence (z,) is bounded in E,. By (Hy) it follows that

IS B | 11 , (11 ,
— — — > - — — - — — —
J(Zn) Jn(zn)(‘uuna an) = (2 I/)|V'Un|2 + ([1, 2>|Vun|2 Cc

Hence [Vu,|3 < c(1+ ||zallq). If v > 2, we also get |V, |3 < c(1+||znllq). Ifv =2,
we use (Hs) and the fact that [Vv|3 > A\;|v]3 in order to obtain

1 1 1
(5= 0)1VenlE < 5IVunlt+ [ Hewz) = (o) + 51900
2 2 o 2
Hence, |Vv,|3 < (1 + ||zallq), and we get

|Vun|§ + |an|§ <c(1+ HZan)

Thus, if ¢ < 2*, then (z,,) is bounded in E,. Assume next that ¢ > 2*. It follows
from (Hg) that

(4.1) Jr/z(zn)(oa”n) > Cl|vn|g + |an|§ —C2 (|vn|1 + |un|§) .

Thus [Vun|3 + [Vonl3 + [va]d < ¢(1 + ||2nllq), which implies that (z,) is bounded
in E, also in the case when ¢ > 2*.

Part II. We can now suppose that z, — z in E,, z, — 2z in (L*(2))? for all
1 <s< 2% and zp(z) — z(x) a.e. in z € Q. It follows that z is a critical point of
J. As in the proof of Lemma 3.2, using (Hy) and

) (zn) (U, — u, 0) = /H Ty 2n) (Un — 1) — (Vp, V(un —u))pz,

we obtain that
|(Vtg, V(un — u))re|

< o(1) + e(lun —ufr + |un|571|un —ulp + |vn|g_1|un —ulw) = o(1),

and so u,, — u in H}(Q). Let P, : E;, — X, be the projection as in the proof of
Lemma 3.2. So we obtain

(VUTM V(U - 'Un))LQ = O( ) V'Una V( nU — ))L2

/ Hy(x, 2n)(vn — Pov) — J) (20)(0, v, — Ppo)

/H x, 2n) (Vp — v /H x, zn) (v — Ppu).

Sc(1+|un

Using (Hp), we have
/ Hy(z,z,) (v — Py)

2+ [onld™) o = Pavlly — 0.
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Consequently,
(4.2) (Vu,, V(v —vy))r2 = /QHv(x, zn)(vn, — v) + o(1).

Thus if ¢ < 2%, it follows from (4.2) that |Vu,|2 — |Vv|2, which implies v, — v,
and so z, — z. This proves that J satisfies the (PS)} condition in this case, and
that J(z) = ¢

Consider next g > 2*. The weak sequential continuity of H,(x,-) (see the proof of
Lemma 2.1) yields [, Hy(z, zn)v — [, Hy(2, 2)v. By (He), fn(x ) = Hy(z, 2n)0n +
¥6 (|vn |+ unl?) > 0. Usmg the fact that |vn|1 — |v|; and |up|2 — |u|2, and applying
Fatou’s lemma to the sequence (f,), we get

liminf/Ha:znvn /sz
n—0oo
Using this estimate in (4.2), we obtain that |Vv|3 > limsup,,_, . |Vv,|3, which

implies that v, — v in H}(Q). In order to conclude that J(z) < ¢, we use the
estimate

Hew) = 3() = [ (H(w20) = H(z,2) + 1),
Q
(H,) and Fatou’s lemma. Finally, if z = 0, then 2, — 0 in (H{(2))?. By (4.1),
[onl < o(1) + ¢ (Jvnls + [unl3) — 0
and so z, — 0. O

Remark 4.1. In a similar way, using even simpler arguments, one checks that, if
(Hp) holds with p,q € (1, 2), J satisfies the (PS)% condition for all c.

Remark 4.2. Let jm = J|xm denote the restriction of J on X™. As in Lemma 4.1,
it is not difficult to check that, if the sequence (zp,) C Ey, with z, € X™, satisfies
J(zm) — cand J' (z,) — 0 as m — oo, then it possesses a subsequence converging
weakly to a critical point z of J with J(z) < ¢, and z = 0 only if z,, — 0in E,. We
also have, as in Remark 4.1, that, if (Hy) holds with p,q € (1, 2), then any such
sequence has a convergent subsequence.

Lemma 4.2. There is an R > 0 such that J(z) < 0 for all z = (u,0) with ||z|| > R.
Proof. By (Hyp), we have H(z,u,0) < ¢(1 + |u|P). Hence

1 1
J((u,0)) = / H(z,u,0)— 5|Vu|§ <eci +eafulh - §|Vu|§
Q
< 1 2—p P
<c — §|Vu|2 —c3 ) |Vuls,
and the lemma follows, since p < 2. O

Lemma 4.3. For ¢ > 0 small there is p > 0 such that J((ge1,v)) > p for all
v € Vg, where ey is the eigenfunction corresponding to the first eigenvalue A\; of

(=A, Hy()).
Proof. By (Hs), for ¢ > 0 small, H(z,ce1,v) > y4e%e$ — dA1v?; hence,
1 1
((ee1,v / H(z,eeq,v §|Vv|§ - 5)\152 > (yalerls — 5)\16270‘)6&.

The conclusion follows. U
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We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. Recall that X™ ~ span{ey,--- ,em} X Vg, and consider the
restrictions J,, as defined in Remark 4.2. Set Dr = BRNE? = BN (H () x {0})
and D,, = Dr N X™, where R > 0 comes from Lemma 4.2. Define
m = Inf J(¥(Dm)),

¢m = _inf max (v(Dm))
where I'y, := {7 € C(Dm, X™) : ~v(2) = z forall z € 0D,,}. It is well known
that v(Dy,) N W # 0 for all v € Ty, where W = {(ge1,0)} x V, with ¢ > 0
small. Invoking Lemma 4.3, we fix an € > 0 so small that there is p > 0 satisfying
inf J(W) > p. Then we have

p < cm <b:=max J(Dg).

The well-known saddle point theorem (cf. [12] or [4], [14]) implies that there is
Zm € X™ satisfying |J(zm) — ¢m| < 1/m and ||J, (zm)|| < 1/m. Now by virtue of
Remark 4.2, along a subsequence, z, — z with J'(z) = 0 and z # 0, ending the
proof. O

We now turn to the proof of Theorems 1.4 and 1.5.
Lemma 4.4. If, in addition, v3 =0 in (Hy), then J satisfies (I5).
Proof. Tt follows from (Hs) that
1 1
J(2) 2 ealulg + (5 = 6) V0l = 5|Vl

(4.3)

> (2 = 5l VuP2) Vuls + (5 - 8) 170l

Since a < 2, the result follows in the case when ¢ < 2*. Next consider ¢ > 2*.
Suppose (I5) does not hold. Then for any r > 0 there is a sequence z; € X" such
that ||z;|| = r and J(z;) — 0. It follows from (4.3) with z = z;, and for r small,
that [Vu,lo — 0 and [Vu;|o — 0. All this implies that [, H(z,z;) — 0. From as-
sumption (Hp) and the fact that (u;) lies in a finite-dimensional subspace, it follows
that [, Hy(x, z;)u; — 0. Consequently, by (Hy) with v3 = 0, [, Hy(z, z;)v; — 0.
This, jointly with (Hg), yields
wlt < er [ Holouzs)o + callosh +usl) — o

Q

Hence, z; — 0 in E, which is a contradiction. O

Lemma 4.5. J satisfies (Ig).
Proof. By (Hp), H(x,u,0) < ¢(|u| + |u|P), and so, for u € (X™ 1)1 one has

1
T((w0)) < ex (July + fuly) - 5 Vul}
L o L o
< (etluly = 71Vul3) + (erluls = 71Vul3)
1 1 _
< (ermn = 71Vulz) [Vula + (v, = 3/Vul3™) IVulh,

where 7,,, was defined by (3.10). Let by, := (c1mm)?+ (1—p/2)c1n, (2pein?, )P/ 2—P).
Then 0 < b,, — 0 and J((u,0)) < b, for all (u,0) € (X™ 1)+ O
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Proof of Theorem 1.4. Since H(x,z) is even in z, J is even. If ¢ < 2* then J
satisfies the (PS)¥ condition for all ¢ (see the proof of Lemma 4.1). If ¢ > 2*, then,
using assumption (Hy) applied to a critical point z, we obtain

eI J;L(Z)(i“’ L0z (5 )Ives+ (i 3 IVuli > 0.

This, jointly with Lemma 4.1, shows that (I7) is satisfied. It follows from Lemmas
4.4 and 4.5 that J satisfies (I5) and (Ig). Therefore, the desired conclusion follows.
U

Finally, we prove Theorem 1.5.

Proof of Theorem 1.5. The proof of the existence of one nontrivial solution is sim-
ilar to that of Theorem 1.3, using Remark 4.2 and Lemmas 4.2 and 4.3. The
other conclusion can be obtained along the lines of the proof of Theorem 1.4, using
Remark 4.1 and Lemmas 4.4 and 4.5. (]

5. THE CASE p =2

In this section we always assume that (Hp) holds with p = 2 and 7 < 1 + ¢/2.
We also suppose that (H7) and (Hs) are satisfied. We will apply Proposition 2.3
in order to prove Theorem 1.6. Thus, set

E? = span{e, - - ,e;} ® E; ~spanfey,---,e,t xV,, E'=E,0E?
and
Xt=F! @ span{e;, - - ,e;,ef, et

One may arrange the bases as e}l = ez_m for n € N, and e% = 6:4-1'—1 forl1<n<
2 _

l—j, ez =€, 4 forl—j<n<{, e? :e:_é for <n <f+i—1,ande2
for n > £+ i — 1. Consider the functional I given by (2.4).

€n—k
Lemma 5.1. T satisfies (I3); that is, there exist r,a > 0 such that I(z) > a for all
z € X with ||z|q = .

Proof. Let z = (u,v) € X*. Since v € span{ey, - ,e;}, we have v € L. By (Hy)
and (H7), for any € > 0, there exists ¢. > 0 such that

Ro(x,2) < el + ee(juf® + o],

1 1
1) = 5 (90 = aolulf) = 5 (170 = bolol?) = | Ro(z.)

Vv

1 aon 1 —bo *
5 (1= ) vuls+ §<Tj 1)1Vl — efzf — e (Julf: + [ol2)

Now the conclusion follows easily. (I

Lemma 5.2. I satisfies (Iy); that is, sup I(E?) < oo.
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Proof. For z € E? we have, using (Hg), that
1 1
1) = 5 (Vulf — acul}) = 51908 — | Re.2)

1/a 1
< =5 (5= - 1) IVul = 5IVvl3 +lulg = slols + 0l

2\
1/as 9 1 9
< _(Z(Z= _ o _ o __ (= q
= (2(>\k DIVul™7 = 1) IVulg = (G190l + 2uloly) + o
which implies that I(2) < 0 for all z € E? with ||z||, large. O

Lemma 5.3. Let ¢ > 0. Then any (PS). sequence is bounded.
Proof. We decompose H{ (2) as
Hi(Q)=U oU", u=u +u",

where U~ = span{ey,---,ex} and U" is the orthogonal complement of U™ in
HL(Q).
Let (zy,) be a (PS)’ sequence. Using the expression of I :

o = V0l = ancluf = [ 0uRoc(o)u
Q
plus (Hg) and the Hélder inequality, we obtain

a _ _
(1= 2= IV B < exl Vet s 497 (s o+ fanl 5™ o ol )
JF

where r = ¢/(1 + ¢ — 7). By assumption, 1 < r < 2. It then follows from the
Sobolev embedding theorems that

a _ —
(1= 1) IV < ea(1+ fuals™ + foul; ™) IV
k+1

Similarly, we deduce that
a _ _ _ _
(5= - 1)IVer B < ea (14 unls™ + oly ™) Vg o
k
The two previous inequalities imply the estimate

(51) |Vun|§ <c3 (]_ + |un|§(0*1) + |Un|3(771)) .

Using the expression of H given in (Hg), and recalling that I(z,) > 0 for large n,
we obtain

1 1 o 1
(5:2) §|an|§ +/ Roo(2,2n) = §|Vun|§ - %an —1I(zn) < §|Vun|§
Q
Next using (5.2), assumption (Hg) and (5.1), we obtain
(5.3) [Vun|3 + calvonld < cs (1 + [tn|% + |un 2D + |Un|3(7—_1)) )
The combination of (5.1) and (5.3) implies
[V znf3 + oald < e (14 [unl§ + loa[277V).
Since 0 < 2 and 2(7 — 1) < ¢, we see that (z,) is bounded. O

Lemma 5.4. I satisfies (I10).
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Proof. Let (z,) be a (PS)* sequence with ¢ > 0. Using Lemma 5.3, an argument
similar to that of Lemma 3.2 shows that along a subsequence z, — z € K., we have
up — u in H(Q). Since E' C H}(Q), we have P'z, — P'z. O

Proof of Theorem 1.6. Since H (z,z) is even in z, I is even. By assumption, I(0) =
0. Lemmas 5.1, 5.2 and 5.4 show that I satisfies (Is) — (I10). Now Proposition 2.3
applies, and the proof is complete. O
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